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Abstract
We explore various properties of interaction between Dp and Dp′ with each car-
rying a worldvolume flux and with the p′-branes placed along p′ spatial worldvolume
directions of the p-branes at a separation when p− p′ = 2. Carefully analyzing the
annulus amplitudes calculated via the boundary state approach, we find that many
features of amplitudes remain similar to those studied when p = p′ such as the
nature of force on the brane separation, the onset of various instabilities when the
brane-separation is on the order of string scale and the occurrence of pair produc-
tion of open strings when there is a relevant electric flux present. In addition, we
have also found many new features of interaction which don’t appear in the absence
of fluxes or when p = p′ in the presence of fluxes, for examples, the nature of inter-
action can be repulsive and there is no onset of tachyonic instability under certain
conditions. Even in the absence of a magnetic flux, we can have an exponential
enhancement of the rate of pair production of open strings in certain cases, which
may be significant enough to give observational consequences.
1E-mail: jxlu@ustc.edu.cn
2E-mail: xuss@mail.ustc.edu.cn
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It is known that the static interaction between a Dp and a Dp′ brane at a separation with
p − p′ = 2 is always attractive3 when neither carries a world-volume flux, for example,
see [1]. This nature of interaction is expected to be modified or changed when there is an
electric or a magnetic flux present on either of the branes4. In this note, we will explore
this modification or change and the associated properties such as the onset of various
instabilities and the open string pair production, expecting some unique and interesting
physical implications to arise. We find that the pair production rate is significant even
for the mere presence of a weak electric flux under certain condition. Unlike the rate
enhancement discussed in [2], an additional magnetic flux not sharing any common index
with the electric flux is not necessarily needed. The novel feature here is that the Dp−2
brane itself takes the role of the magnetic flux to enhance the rate. The magnetic flux can
further either enhance or reduce the rate, depending on the actual case considered. One
interesting observation is that the largest rate occurs either for p = 3 as also observed
in [2], for which p = p′ was considered, or for p′ = 3. We don’t know if this has an
implication of why our world has three large spatial dimensions and even for the existence
of extra dimensions. When both fluxes are magnetic, the would-be attractive interaction
can vanish in certain cases under conditions specified later, signalling the preservation of
certain number of supersymmetries (susy) of the underlying systems. When both these
fluxes point to different NN directions, these is an interesting case for which the force
can even be repulsive for certain range of the fluxes. For this case and the above susy
cases, the corresponding amplitude doesn’t give rise to a tachyonic instability, therefore
no tachyon condensation to occur.
Without further ado, we have the following three cases to consider5: 1) Dp and Dp′
carry their respective electric fluxes F0a and F
′
0b; 2) Dp and Dp′ carry their respective mag-
netic fluxes Fab and F
′
cd; 3) one carries an electric flux and the other carries a magnetic
flux. Or we can classify the interaction amplitudes according to their structures deter-
mined by the relative orientations of the two fluxes Fαβ and F
′
γδ in the following three
classes: I) the indices α, β, γ, δ ∈ NN with the pair (α, β) and the pair (γ, δ) sharing at
least one common index (either temporal or spatial) or the index α or β ∈ ND but not
3In other words, we consider in this paper the case of p − p′ = 2 with NN = p′ + 1, ND = 2 and
DD = 9− p. The Dp and Dp′ are placed at a separation along the DD = 9− p directions with p ≤ 8.
4As mentioned in [3, 2] and the references therein, Dk branes become a 1/2−Bogomol’nyi-Prasad-
Sommerfield (BPS) non-threshold (F, Dk) bound state when carrying an electric flux while a 1/2-BPS
non-threshold (Dk−2, Dk) bound state when carrying a magnetic flux.
5In this note, the Greek indices α = (0, a), β = (0, b), · · · label the world-volume directions 0, 1, · · · , p
along which the Dp brane extends with a, b, · · · denoting the brane spatial diretions, while the later Latin
indices i, j, · · · label the directions transverse to the brane, i.e., p+ 1, · · · , 9.
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both; II) α, β, γ, δ ∈ NN but α, β 6= γ, δ; III) α, β ∈ ND and γ, δ ∈ NN. Note that we have
p ≥ 3 for Class I or III and p ≥ 5 for Class II. We will present the amplitudes according to
this classification for simplicity and for a unified description in each class. Note that we
have non-vanishing contributions only from the Neveu-Schwarz−Neveu-Schwarz (NS-NS)
sector for amplitudes in Class I or Class II but this is not true for amplitudes in Class III.
The tree-level cylinder diagram interaction can be calculated via the boundary state
approach. As usual, we have two sectors, namely NS-NS and Ramond−Ramond (R-
R) sectors, respectively. We here summarize the main results needed, following [5].
Let F be the external flux on the world-volume and denote Fˆ = 2piα′F . In the NS-
NS sector, the relevant boundary state is the Gliozzi-Scherk-Olive (GSO) projected one
|B〉NS = 12 [|B,+〉NS − |B,−〉NS] while in the R-R sector, the GSO projected one is
|B〉R = 12 [|B,+〉R + |B,−〉R]. Here the two boundary states |B, η〉 with η = ± corre-
spond to two possible implementations for the boundary conditions in each sector. The
boundary state |B, η〉 is the product of a matter part and a ghost part as |B, η〉 =
cp
2
|Bmat., η〉|Bg, η〉 with |Bmat., η〉 = |BX〉|Bψ, η〉, |Bg, η〉 = |Bgh〉|Bsgh, η〉 and the nor-
malization constant cp =
√
pi
(
2pi
√
α′
)3−p
. The explicit forms of the various components
of |B〉 are given as |BX〉 = exp[−
∑∞
n=1
1
n
α−n · S · α˜−n]|BX〉(0), and for the NS-NS sec-
tor |Bψ, η〉NS = −i exp[i η
∑∞
m=1/2 ψ−m · S · ψ˜−m]|0〉 and for the R-R sector |Bψ, η〉R =
−exp[i η∑∞m=1 ψ−m · S · ψ˜−m]|B, η〉(0)R . The matrix S and the zero-mode contributions
|BX〉(0) and |B, η〉(0)R encode all information about the external flux and the overlap equa-
tions that the string coordinates have to satisfy, which in turn depend on the boundary
conditions of the open strings ending on the D-brane. They each can be given explicitly
as S = ([(η− Fˆ )(η+ Fˆ )−1]αβ,−δij), |BX〉(0) =
√
− det(η + Fˆ ) δ9−p(qi−yi)∏9µ=0 |kµ = 0〉,
and |Bψ, η〉(0)R = (CΓ0Γ1 · · ·Γp 1+i ηΓ111+i η U)AB|A〉|B˜〉. In the above, we have denoted by yi
the positions of the D-brane along the transverse directions, by C the charge conjugation
matrix and by U the following matrix U = ; exp(−1
2
FˆαβΓ
αΓβ); /
√
− det(η + Fˆ ) where the
symbol ; ; means that one has to expand the exponential and then to anti-symmetrize
the indices of the Γ-matrices. |A〉|B˜〉 stands for the spinor vacuum of the R-R sector. Note
that the η in the above means either sign ± or the flat signature matrix (−1,+1, · · · ,+1)
on the world-volume and should not be confused from the content. Note also that the
boundary state must be written in the (−1,−1) super-ghost picture in the NS-NS sector,
and in the asymmetric (−1/2,−3/2) picture in the R-R sector in order to saturate the
super-ghost number anomaly of the disk.
The interaction under consideration can be calculated as the vacuum amplitude of the
closed string tree-level cylinder diagram via the boundary states as just described. The
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total amplitude can have contributions from both NS-NS sector and R-R sector and is
given by Γ = ΓNS + ΓR with ΓNS/R = NS/R〈Bp−2|D|Bp)〉NS/R. Here D is the closed string
propagator
D =
α′
4pi
∫
|z|≤1
d2z
|z|2 z
L0 z¯L˜0 , (1)
with L0 and L˜0 the respective left and right moving total zero-mode Virasoro generators
of matter fields, ghosts and superghosts. For example, L0 = L
X
0 + L
ψ
0 + L
gh
0 + L
sgh
0 and
their explicit expressions can be found, e.g., from [3]. The above amounts to calculating
first the following amplitude in the respective sector
Γ(η′, η) = 〈Bp−2, η′|D|Bp, η〉 = np−2npcp−2cp
4
α′
4pi
∫
|z|≤1
d2z
|z|2A
X AbcAψ(η′, η)Aβγ(η′, η) (2)
where η′η = ± and we have also replaced the ck (k = p − 2 or p) in the boundary state
given earlier by nkck with nk an integer to count the multiplicity of the Dk branes in the
bound state. In the above, the various matrix elements are
AX = 〈BXp−2||z|2L
X
0 |BXp 〉, Aψ(η′, η) = 〈Bψp−2, η′||z|2L
ψ
0 |Bψp , η〉,
Abc = 〈Bghp−2||z|2L
bc
0 |Bghp 〉, Aβγ(η′, η) = 〈Bsghp−2, η′||z|2L
βγ
0 |Bsghp , η〉. (3)
where we have used the boundary state constraint L˜0|B〉 = L0|B〉 to simplify the cal-
culations. Note that the Abc and Aβγ are independent of fluxes and are always given
as Abc = |z|−2∏∞n=1 (1− |z|2n)2 in both NS-NS and R-R sectors, and in the NS-NS
sector, AβγNS(η
′, η) = |z|∏∞n=1 (1 + η′η|z|2n−1)−2 while in the R-R sector, AβγR (η′, η) =
|z|3/4(1 + η′η)−1∏∞n=1 (1− η′η|z|2n)−2.
However in what follows, we will adopt the prescription given in [6, 1] not to separate
the contributions from matter fields ψµ and superghosts in the R-R sector to avoid the
complication due to the respective zero modes if this sector has non-zero contribution.
To calculate AX and Aψ(η′, η), we will follow the trick as described in [4, 2] by making
a respective unitary transformation of the oscillators in |BX/ψp−2 , η′〉 such that the Sp−2-
matrix there completely disappears while |BX/ψp , η〉 ends up with a new S = SpSTp−2 with
Sp the original S-matrix in this boundary state and T denoting the transpose. This new
S-matrix shares the same property as the original Sk satisfying (S
T
k )µ
ρ(Sk)ρ
ν = δµ
ν with
k = p−2 or p but its determinant is always unity and therefore can always be diagonalized
to gives its eigenvalues. With this trick, the evaluation of AX/ψ is no more complicated
than the case without the presence of fluxes.
If we take (Fˆ ′)γδ = −(Fˆ ′)δγ = −f1 with γ < δ and (Fˆ )αβ = −(Fˆ )βα = −f2 with
4
α < β, the Class I matrix elements for matter fields are
AX = CFVp−1e
− Y
2
2piα′t
(
2pi2α′ t
)− 9−p
2
∞∏
n=1
1
(1− λ|z|2n)(1− λ−1|z|2n)(1 + |z|2n)2(1− |z|2n)6
(4)
for both NS-NS and R-R sectors,
AψNS(η
′, η) =
∞∏
n=1
(1+ η′ηλ|z|2n−1)(1+ η′ηλ−1 |z|2n−1)(1− η′η|z|2n−1)2(1+ η′η|z|2n−1)6 (5)
for the NS-NS sector, and AψR(η
′, η) = 0 for the R-R sector. Note that ΓR = 0, so the
total amplitude is just
ΓI = ΓNS =
2np−2 np Vp−1CF sin piν
(8pi2α′)
p−1
2
∫ ∞
0
dt e−
Y 2
2piα′t t−
9−p
2
θ21(
2ν−1
4
|it) θ21(2ν+14 |it)
η6(it) θ1(ν|it) θ1(12 |it)
, (6)
where we have taken |z| = e−pit and λ = e2ipiν . In obtaining the above compact expression,
we have first expressed the integrand in terms of various θ-functions and the Dedekind
η-function, then made use of the fundamental Jacobian identity 2 θ21(
2ν−1
4
|it) θ21(2ν+14 |it) =
θ3(ν|it) θ3(12 |it) θ23(0|it)− θ4(ν|it) θ4(12 |it) θ24(0|it), which is a special form of (iv) given on
page 468 in [7]. The constant CF and the sum
6 of λ + λ−1 can be summarized for cases
considered in this class in Table 1.
The Class II matrix elements for matter fields are
AX = CFVp−1e
− Y
2
2piα′t
(
2pi2α′ t
)− 9−p
2
∞∏
n=1
1
(1 + |z|2n)2(1− |z|2n)4
2∏
j=1
1
(1− λj |z|2n)(1− λ−1j |z|2n)
(7)
for both NS-NS and R-R sectors,
AψNS(η
′, η) =
∞∏
n=1
(1− η′η|z|2n−1)2(1 + η′η|z|2n−1)4
2∏
j=1
(1 + η′ηλj|z|2n−1)(1 + η′ηλ−1j |z|2n−1)
(8)
for the NS-NS sector, and again AψR(η
′, η) = 0 for the R-R sector. Once again ΓR = 0 and
the total amplitude in this Class is
ΓII = ΓNS =
4np−2npVp−1 tanpiν1 tan piν2
(8pi2α′)
p−1
2
∫ ∞
0
dte−
y2
2piα′t t−
9−p
2
×θ1(
ν1−ν2−1/2
2
|it)θ1(ν1−ν2+1/22 |it)θ1(ν1+ν2−1/22 |it)θ1(ν1+ν2+1/22 |it)
η3(it)θ1(ν1|it)θ1(ν2|it)θ1(12 |it)
, (9)
6We need only this sum to determine ν via cospiν in terms of flux/fluxes given in the table. When
the flux/fluxes are electric or electrically dominant, the ν is imaginary and cospiν in the table represents
actually coshpiν0 since cospiν = coshpiν0 when ν = iν0. This remains also true in Table 2 and 3.
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Table 1: The cases in Class I
(α, β) (γ, δ) Index Relation CF
λ+λ−1
2
cos piν
(0, a) (0, c) a = c ∈ NN
√
(1− f 21 )(1− f 22 ) (1+f
2
1 )(1+f
2
2 )−4f1f2
(1−f21 )(1−f
2
2 )
1−f1f2
CF
(0, a) (0, c) a, c ∈ NN, a 6= c
√
(1− f 21 )(1− f 22 ) 1+f
2
1+f
2
2−f
2
1 f
2
2
(1−f21 )(1−f
2
2 )
1
CF
(0, a) (0, c) a ∈ DN, c ∈ NN
√
(1− f 21 )(1− f 22 ) 1+f
2
1−f
2
2+f
2
1 f
2
2
(1−f21 )(1−f
2
2 )
[1−f22 (1−f
2
1 )]
1
2
CF
(0, a) (c, d) a, c, d ∈ NN,
√
(1 + f 21 )(1− f 22 ) 1−f
2
1+f
2
2+f
2
1 f
2
2
(1+f21 )(1−f
2
2 )
1
CF
a = c or d
(0, a) (c, d) a ∈ DN, c, d ∈ NN
√
(1 + f 21 )(1− f 22 ) 1−f
2
1
1+f21
1√
1+f21
(a, b) (0, c) a, b, c ∈ NN,
√
(1− f 21 )(1 + f 22 ) 1+f
2
1−f
2
2+f
2
1 f
2
2
(1−f21 )(1+f
2
2 )
1
CF
c = a or b
(a, b) (0, c) c = a ∈ NN, b ∈ DN
√
(1− f 21 )(1 + f 22 ) 1+f
2
1+f
2
2−f
2
1 f
2
2
(1−f21 )(1+f
2
2 )
[1+f22 (1−f
2
1 )]
1
2
CF
(a, b) (0, c) c, a ∈ NN, b ∈ DN,
√
(1− f 21 )(1 + f 22 ) 1+f
2
1
1−f21
1√
1−f21
c 6= a
(a, b) (c, d) a, b, c, d ∈ NN,
√
(1 + f 21 )(1 + f
2
2 )
(1−f21 )(1−f
2
2 )+4f1f2
(1+f21 )(1+f
2
2 )
|1+f1f2|
CF
a = c, b = d
(a, b) (c, d) a, b, c, d ∈ NN,
√
1 + f 21 )(1 + f
2
2 )
1−f21−f
2
2−f
2
1 f
2
2
(1+f21 )(1+f
2
2 )
1
CF
a = c, b 6= d, or a = d
(a, b) (c, d) a, c, d ∈ NN, b ∈ DN,
√
1 + f 21 )(1 + f
2
2 )
1−f21+f
2
2+f
2
1 f
2
2
(1+f21 )(1+f
2
2 )
[1+f22 (1+f
2
1 )]
1
2
CF
a = c or d
(a, b) (c, d) a, c, d ∈ NN, b ∈ DN,
√
1 + f 21 )(1 + f
2
2 )
1−f21
1+f21
1√
1+f21
a 6= c, d
where we have taken |z| = e−pit and λj = e2ipiνj with j = 1, 2. Similarly, we first express
the integrand via various θ-functions and the Dedekind η-function, then use another funda-
mental Jacobian identity 2 θ1(
ν1−ν2−1/2
2
|it)θ1(ν1−ν2+1/22 |it) θ1(ν1+ν2−1/22 |it) θ1(ν1+ν2+1/22 |it) =
θ3(ν1|it) θ3(ν2|it) θ3(1/2|it) θ3(0|it) − θ4(ν1|it) θ4(ν2|it) θ4(1/2|it) θ4(0|it), which is also a
special form of (iv) given on page 468 in [7]. The constant CF and the sum of λj + λ
−1
j
for the cases considered in this class are listed in Table 2.
The Class III matrix elements for matter fields are
AX = CFVp−1e
− Y
2
2piα′t
(
2pi2α′ t
)− 9−p
2
∞∏
n=1
1
(1− |z|2n)6
2∏
j=1
1
(1− λj|z|2n)(1− λ−1j |z|2n)
(10)
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Table 2: The cases in Class II
(α, β) (γ, δ) Index relation CF
λ1+λ
−1
1
2
λ2+λ
−1
2
2
cospiν1 cospiν2
(a, b) (0, c) a, b, c ∈ NN,
√
(1− f 21 )(1 + f 22 ) 1+f
2
1
1−f21
1−f22
1+f22
1
(1−f21 )
1
2
1
(1+f22 )
1
2
c 6= a, b
(a, 0) (c, d) a, c, d ∈ NN,
√
(1 + f 21 )(1− f 22 ) 1−f
2
1
1+f21
1+f22
1−f22
1
(1+f21 )
1
2
1
(1−f22 )
1
2
a 6= c, d
(a, b) (c, d) a, b, c, d ∈ NN,
√
(1 + f 21 )(1 + f
2
2 )
1−f21
1+f21
1−f22
1+f22
1
(1+f21 )
1
2
1
(1+f22 )
1
2
a, b 6= c, d
for both NS-NS and R-R sectors,
AψNS(η
′, η) =
∞∏
n=1
(1 + η′η|z|2n−1)6
2∏
j=1
(1 + η′ηλj|z|2n−1)(1 + η′ηλ−1j |z|2n−1) (11)
for the NS-NS sector, and
AψR(η
′, η)AβγR (η
′, η) = −(
√
2)8|z|2DF δη′η,+
∞∏
n=1
(1 + |z|2n)4
2∏
j=1
(1 + λj|z|2n)(1 + λ−1j |z|2n)(12)
for the R-R sector. Note that now the R-R sector has non-zero contribution and we don’t
separate the contributions from the matter field ψµ and the superghosts as mentioned
earlier. The total amplitude is now
ΓIII = ΓNS + ΓR =
2np−2 np Vp−1 tan piν1
(8pi2α′)
p−1
2
∫ ∞
0
dte−
y2
2piα′t t−
9−p
2
θ21(
ν1−ν2
2
|it)θ21(ν1+ν22 |it)
η6(it)θ1(ν1|it)θ1(ν2|it) ,(13)
where again |z| = e−pit and λj = e2ipiνj with j = 1, 2. Once again in obtaining the above
compact expression, we have expressed the integrand in terms of various θ-functions and
the Dedekind η-function, then used yet another fundamental Jacobian identity 2 θ21(
ν1−ν2
2
|it)
θ21(
ν1+ν2
2
|it) = θ3(ν1|it) θ3(ν2|it) θ23(0|it)−θ4(ν1|it) θ4(ν2|it) θ24(0|it)−θ2(ν1|it) θ2(ν2|it) θ22(0|it)
where the first two terms come from the NS-NS sector and the last term comes from the
R-R sector. This identity is also a special form of (iv) given on page 468 in [7]. The
constants CF and the sum of λj +λ
−1
j for cases considered in this class are listed in Table
3 with DF = −f2/CF = cospiν1 cospiν2.
We now come to discuss the nature and range of ν ′s for cases in each class which will
depend crucially on the nature of fluxes (electric or magnetic) involved as discussed in
[4, 2]. Note that for an electric flux f , 0 < |f | < 1 with the critical field |f | = 1 while for
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Table 3: The cases in Class III
(α, β) (γ, δ) Index Relation CF
λ1+λ
−1
1
2
λ2+λ
−1
2
2
cos piν1 cospiν2
(a, b) (0, c) c ∈ NN,
√
(1− f 21 )(1 + f 22 ) 1+f
2
1
1−f21
−1−f22
1+f22
1
(1−f21 )
1
2
− f2
(1+f22 )
1
2
a, b ∈ DN
(a, b) (c, d) c, d ∈ NN,
√
(1 + f 21 )(1 + f
2
2 )
1−f21
1+f21
−1−f22
1+f22
1
(1+f21 )
1
2
− f2
(1+f22 )
1
2
a, b ∈ DN
a magnetic flux f , 0 < |f | <∞. In Class I, when both fluxes are electric, ν is imaginary,
i.e., ν = iν0 and cospiν = cosh piν0 with 0 < ν0 <∞ (see footnote 6 for detail). When the
two are both magnetic, ν = ν0 is real with 0 < ν0 < 1/2. When one flux is electric and the
other magnetic, we have the following cases: 1) (Fˆ )0a and (Fˆ
′)cd with a ∈ DN, c, d ∈ NN,
then ν = ν0 is real with 0 < ν0 < 1/2; 2) (Fˆ )ab and (Fˆ
′)0c with c, a ∈ NN, b ∈ ND,
then ν = iν0 (also cos piν = cosh piν0) is imaginary with 0 < ν0 < ∞; 3) (Fˆ )0a and
(Fˆ ′)cd with a, c, d ∈ NN, a = c or d (or (Fˆ )ab and (Fˆ ′)0c with a, b, c ∈ NN, c = a or b),
cospiν = 1/
√
(1 + f 21 )(1− f 22 ) (or = 1/
√
(1− f 21 )(1 + f 22 )) where ν can be non-vanishing
real, imaginary, or zero, depending on
√
(1− f 21 )(1 + f 22 )( or
√
(1 + f 21 )(1− f 22 ) ) > 1, <
1 or = 1, respectively, for non-vanishing fluxes7. For Class II, the nature of νj (j = 1, 2)
is directly related to the corresponding flux and νj = iνj0 is imaginary with 0 < νj0 <∞
if the corresponding flux is electric and νj = νj0 is real with 0 < νj0 < 1/2 if the flux is
magnetic. For Class III, while ν1 remains the same nature as the νj in Class II, ν2 = ν20 is
however always real with now 0 < ν20 < 1 for which 0 < ν20 < 1/2 corresponds to f2 < 0,
ν20 = 1/2 to f2 = 0 and 1/2 < ν20 < 1 to f2 > 0.
Let us first consider the large-separation limit of the above amplitudes for 2 ≤ p ≤ 6.
This amounts to taking the large t-limit for the θ1-function and the Dedekind η-function
in each integrand, i.e., θ1(ν|it) → 2 e−pit4 sin piν, η(it) → e− pi12 t (noting now |z| = e−pit →
0). We then have ΓI → CI/Y 7−p where a simple integration has been performed and
CI = np np−2 cp cp−2 Vp−1CF (λ + λ
−1 + 2)/[4(7 − p)Ω8−p] with (7 − p)Ω8−p = 4pipi(7−p)/2/
Γ((7− p)/2) and Ωq the volume of unit q-sphere. Similarly, we have ΓII → CII/Y 7−p with
CII = npnp−2 cpcp−2 Vp−1CF (λ1 + λ
−1
1 + λ2 + λ
−1
2 )/[4(7 − p)Ω8−p], and ΓIII → CIII/Y 7−p
with CIII = npnp−2 cpcp−2 Vp−1CF (λ1 + λ
−1
1 + λ2 + λ
−1
2 + 4 − 8DF )/[4(7 − p)Ω8−p]. Note
that the parameters λ, or λj(j = 1, 2), CF (andDF ) in each relevant class are given in the
respective table and ck =
√
pi(2pi
√
α′)3−k with k = p, p− 2.
Before proceeding, we pause to discuss which amplitude can vanish when either flux is
7Here when ν is real, we call it magnetically dominant otherwise electrically dominant.
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non-critical and non-vanishing. Note that the vanishing large-separation amplitude also
implies the vanishing of the corresponding amplitude at a general separation. This can
possibly occur only for one case in each class and only when both fluxes are magnetic.
Concretely, the amplitude vanishes in Class I for the case of a, b, c, d ∈ NN, a, b = c, d
(see Table 1) when f1f2 = −1 (corresponding to ν = 1/2), in Class II for the case of
a, b, c, d ∈ NN, a, b 6= c, d (see Table 2) when f1f2 = ±1 (corresponding to ν1 + ν2 = 1/2),
and in Class III for the case of a, b ∈ DN, c, d ∈ NN (see Table 3) when f1f2 = ±1
and f2 < 0 (corresponding to ν1 = ν2). The vanishing of amplitude also implies the
preservation of certain number of supersymmetries for the underlying system which can
be similarly analyzed following the steps given in the appendix of [2]. Here we simply
state the results: the case in Class I or III preserves 1/4 of the spacetime supersymmetries
while in Class II it preserves only 1/8 of the supersymmetries.
Apart from the above three special cases and one case associated with the special
case in Class II, all the other large-separation amplitudes are positive, therefore giving
attractive interactions. This particular case corresponds to the one given in Table 2 in
Class II when both fluxes are magnetic with their respective spatial indices a, b, c, d ∈
NN; a, b 6= c, d and f 21 f 22 > 1 (corresponding to 1/2 < ν1 + ν2 < 1), and gives a negative
amplitude, hence a repulsive interaction. For the magnetic or magnetically dominating
(in the sense mentioned earlier) cases, the nature of interaction will keep hold even at a
general separation. However, the nature of force will become indefinite at small separation
when the effects of fluxes are electric or electrically dominant. The basic feature about
the nature of interaction on the brane-separation remains similar to our earlier discussion
for systems with p = p′ considered in [4, 2].
We now move to discuss the analytical structure of amplitudes at small separation
Y for which the open string description is appropriate. This can be achieved via the
Jacobian transformation of the integration variable t→ t′ = 1/t, converting the tree-level
closed string cylinder diagram to the open string one-loop annulus diagram. In terms of
this annulus variable t′, noting
η(τ) =
1
(−iτ)1/2
η
(
−1
τ
)
, θ1(ν|τ) = i e
−ipiν2/τ
(−iτ)1/2
θ1
(
ν
τ
∣∣∣− 1
τ
)
, (14)
the amplitude in each class can be explicitly re-expressed, respectively, as
ΓI = −2npnp−2 Vp−1CF sin piν
(8pi2α′)
p−1
2
∫ ∞
0
dt′e−
Y 2t′
2piα′ t′
1−p
2
[
cos(−ipiνt′)− cosh pit′
2
]2
sin(−ipiνt′) sin(−ipit′/2)
×
∞∏
n=1
1
(1− |z|2n)4
2∏
j=1
(
1− epi(ν+(−)j/2)t′ |z|2n
)2 (
1− e−pi(ν+(−)j/2)t′ |z|2n
)2
(
1− e(−)j2piνt′ |z|2n) (1− e(−)jpit′ |z|2n) , (15)
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ΓII = −2npnp−2 Vp−1 tanpiν1 tan piν2
(8pi2α′)
p−1
2
∫ ∞
0
dt′e−
Y 2t′
2piα′ t′
3−p
2
×
[
cos (−ipi(ν1 − ν2)t′)− cosh pit′2
] [
cos (−ipi(ν1 + ν2)t′)− cosh pit′2
]
sin(−ipiν1t′) sin(−ipiν2t′) sinh(pit′/2)
∞∏
n=1
1
(1− |z|2n)2
×
2∏
k=1
1
1− e(−)kpit′ |z|2n
2∏
j=1
1− 2|z|2n cosh[pi(ν1 + (−)jν2 + (−)
k
2
)t′] + |z|4n
1− e(−)k2piνjt′ |z|2n , (16)
ΓIII = −2npnp−2Vp−1 tanpiν1
(8pi2α′)
p−1
2
∫ ∞
0
dt′e−
Y 2t′
2piα′ t′
1−p
2
[cos(−ipiν1t′)− cos(−ipiν2t′)]2
sin(−ipiν1t′) sin(−ipiν2t′)
×
∞∏
n=1
1
(1− |z|2n)4
2∏
j=1
(
1− epi(ν1+(−)jν2)t′ |z|2n
)2 (
1− e−pi(ν1+(−)jν2)t′ |z|2n
)2
(1− e2piνjt′ |z|2n) (1− e−2piνjt′ |z|2n) ,(17)
with now |z| = e−pit′ . When ν = ν0 in Class I with 0 < ν0 < 1/2 or νj = νj0 with
0 < νj0 < 1/2 (j = 1, 2) in Class II or with 0 < ν10 < 1/2 and 0 < ν20 < 1 in
Class III, the underlying amplitude remains real and will diverge when the separation
Y ≤ pi√2(1/2− ν)α′ in Class I, or Y ≤ pi√2(1/2− ν1 − ν2)α′ when 0 < ν1+ ν2 < 1/2 in
Class II, or Y ≤ pi
√
2|ν1 − ν2|α′ in Class III when ν1 6= ν2, i.e., with each on the order of
string scale. Along with a similar discussion given in [4, 2, 8, 9], this divergence indicates
the onset of tachyonic instability in each respective case, giving rise to the relaxation of the
underlying system to form the final stable bound state. When 1/2 < ν1+ ν2 < 1 in Class
II, the force as mentioned earlier is repulsive and becomes larger when the separation Y
becomes smaller and for this reason the integrand has no exponential blow-up singularity
to show up even at t′ → ∞, i.e., no onset of tachyonic singularity, for any Y > 0. Note
that if we express the amplitude (17) in Class III above in terms of p′ = p − 2, i.e., the
spatial NN-directions, its structure looks similar to the one given in [2] for p = p′ with
the respective two fluxes not sharing any common index. So many of the underlying
properties such as the onset of various instabilities remain the same as those given in [2],
therefore referred there for detail. For this reason, we discuss the remaining new features
only below for this Class.
We move to discuss the more rich structure and the associated physics when ν = iν0
with 0 < ν0 < ∞ in Class I or ν1 = iν10 with 0 < ν10 < ∞ and ν2 = ν20 with ν20 real in
Class II8 or III . In Class I, this corresponds to the presence of at least one electric flux
8The case with ν1 real and ν2 imaginary can be similarly discussed in this class.
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(or being electrically dominant) along a NN-direction. Now the integrand has an infinite
number of simple poles occurring on the positive real axis at t′ = k/ν0 with k = 1, 2, · · ·
and for this, as discussed in [10, 11, 12, 13, 14, 15, 4, 2], the amplitude has an imaginary
part which is sum of the residues at these simple poles and gives rise to the rate of pair
production of open strings. This rate per unit (p− 1)-worldvolume is
WI ≡ −2ImΓI
Vp−1
=
4npnp−2CF sinh piν0
ν0(8pi2α′)
p−1
2
∞∑
k=1
(−)k+1
(ν0
k
) p−1
2
e
− kY
2
2piν0α
′
[
cosh kpi
2ν0
− (−)k
]2
sinh kpi
2ν0
×
∞∏
n=1
[
1− 2(−)ke− 2nkpiν0 cosh pik
2ν0
+ e
− 4nkpi
ν0
]4
(
1− e− 2nkpiν0
)6 (
1− 2e− 2nkpiν0 cosh pik
ν0
+ e
− 4nkpi
ν0
) . (18)
This rate shares the common features as found in similar cases studied in [2] when p = p′
with the two fluxes sharing at least one common index. Namely, it is suppressed by the
separation Y but enhanced by the value of ν0, which can be determined by flux/fluxes via
cosh piν0 = cospiν as given Table 1. Each term in the sum is suppressed by the integer
k but diverges as the electric field reaches its critical value, i.e., ν0 → ∞, signaling the
onset of a singularity [14]. However, the present rate differs in many aspects: the number
of terms in the sum doubles and the contribution to the rate is positive for odd k and
negative for even k. In particular, there is an enhanced factor [cosh kpi
2ν0
− (−)k]2/ sinh kpi
2ν0
which becomes important for small ν0. This can be examined easily by looking at the
leading order approximation, i.e., the k = 1 term in the sum as
(2piα′)(p
′+1)/2WI ≈ 2pinpnp−2CF
( ν0
4pi
)(p−1)/2
e
−Y
2
−pi2α′
2piν0α
′ , (19)
where CF is given in Table 1 and the small ν0 can be explicitly determined, to leading
order, in terms of the fluxes present. Note that small ν0 does need all fluxes along NN
directions, electric or magnetic, to be small. Let us consider the first case in Table 1 as
an illustration for which CF ≈ 1. Now cosh ν0 = cos ν = (1 − f1f2)/
√
(1− f 21 )(1− f 22 )
which gives, to leading order, ν0 ≈ |f1 − f2|/pi. Since p ≥ 3, the rate is largest for p = 3
for given CF and small ν0 (for fixed np and np−2) and can be significant at a separation
Y = pi
√
α′ + 0+, i.e. on the order of string scale, where we don’t have yet the onset of
tachyonic instability which occurs for Y ≤ pi√α′ from the real part of the amplitude.
This is in spirit similar to the enhanced rate discussed in [2], for which p = p′ with p =
p′ = 3 giving the largest rate, but for a completely different case where a reasonably large
magnetic flux not sharing any common index with the weak electric flux must be present.
The novel feature here is that the p′ (= p− 2) branes play effectively as such a magnetic
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flux and this is rational for the enhancement even in the absence of a magnetic flux. As
discussed above, for small ν0, only the magnetic flux (electric flux) with one index along a
DN direction can further enhance (reduce) the rate through CF ≈
√
1 + f 2 (≈
√
1− f 2)
with f the magnetic (electric) flux. Note that the magnetic flux |f | is measured in string
units and for a realistic value, |f | should be smaller than unity, therefore giving CF ≈ 1.
In other words, the enhancement due to a magnetic flux in general is small and so we
can ignore this for Class I from now on. Let us make some numerical estimation of this
rate for small ν0 and this may serve for sensing its significance. For this purpose, we take
np = np−2 = 5, ν0 = 0.02 and CF ≈ 1. We also take the brane separation as given above
such that the exponential in the rate can be approximated to one. So the rate in string
units is (2piα′)(p
′+1)/2WI = 2pinp−2np(ν0/4pi)(p−1)/2 = 0.25, 0.02 for p = 3, 4, respectively.
The largest rate occurs indeed at p = 3, the rate for p = 4 is one order of magnitude
smaller and the larger the p the smaller the rate. This estimation indicates that the rate
for p = 3 can indeed be significant for small separation, for reasonably chosen np and
np−2, and even for small fluxes, therefore more realistic than the case mentioned above
in [2]. The small-separation also implies that the significantly produced open string pairs
are almost confined on the branes along the electric flux line. This further implies that
the radiations due to the annihilation of the open string pairs in a short time should be
mostly along the brane directions. If string theories are relevant, given the large rate
for p = 3, we expect that the early Universe or even macroscopic objects in the sky at
present can give rise to such open string pair production, therefore large radiations, which
may have potential observational consequence. This may further imply why our world
has three large spatial dimensions since the observational consequence if any can only be
significant for p = 3. Pursuing any of these possibilities is beyond the scope of present
work and we expect to examine carefully some of these possibilities in the future.
We have also learned from the above that we need at least one electric flux being along
the NN-direction to give rise to the pair production. This is clearly indicated in the case
of (α, β) = (0, a), (γ, δ) = (c, d), a ∈ DN, c, d ∈ NN given in Table 1 for which the electric
flux is along a spatial DN-direction and as such ν = ν0 is real (therefore no pair production
of open strings), depending only on the magnetic flux. The triviality of the electric flux
in this case can be understood via a T-duality along the electric flux direction. The Dp
branes then become Dp−1 branes while the Dp′ become Dp′+1 with the Dp−1 moving with
a velocity, determined by the original electric flux along the T-dual direction, relative
to the Dp′+1 in the T-dual picture. Since the Dp′+1 has a Lorentz symmetry along the
T-dual direction, so such a relative motion can be removed by a Lorentz boost along this
direction. If we now T-dual back, we end up with a system without the presence of an
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electric flux but with an additional overall factor in the amplitude due to the boost.
For Class II or III, there is only one case relevant (see footnote 8 for Class II) for which
ν1 = iν10 is imaginary (0 < ν10 <∞) while ν2 = ν20 is real with 0 < ν20 < 1/2 in Class II
and with 0 < ν20 < 1 in Class III. This corresponds to (α, β) = (a, b), (γ, δ) = (0, c) with
c ∈ NN, i.e., the electric flux along a NN-direction and in Class II, c 6= a, b ∈ NN (see
Table 2) while a, b ∈ DN in Class III (see Table 3). In either case, the integrand has also
an infinite number of simple poles occurring on the positive real axis at t′ = k/ν10 with
k = 1, 2, · · · . By the same token as in Class I above, the pair production rate for the case
in Class II (p ≥ 5) is
WII = 4npnp−2 tanhpiν10 tanpiν20
ν10(8pi2α′)
p−1
2
∞∑
k=1
(−)k+1
(ν10
k
)p−3
2
[
(−)k cosh piν20k
ν10
− cosh pik
2ν10
]2
sinh piν20k
ν10
sinh pik
2ν10
×e− Y
2k
2piν10α
′
∞∏
n=1
1
(1− e− 2nkpiν10 )4
2∏
j=1
[
1− 2(−)ke− 2nkpiν10 cosh pik
ν10
(
ν20 +
(−)j
2
)
+ e
− 4nkpi
ν10
]2
(
1− e− kpiν10 (2n+(−)j)
)(
1− e− 2nkpiν10 (n+(−)jν20)
) .(20)
This case looks in almost every aspect, for examples, the onset of various instabilities for
both real and imaginary parts of the amplitude, even closer to the one in [2] with the
two fluxes not sharing any common index, and for this reason not repeating here, except
for one subtle point regarding the enhancement factor for the pair production rate given
above. Let us specify this for small ν10 (for fixed non-vanishing ν20) for which the rate
can be approximated by the leading k = 1 term as
(2piα′)(p
′+1)/2WII ≈ npnp−2
(ν10
4pi
)(p′−1)/2
e
− Y
2
2piν10α
′ e
pi(1−2ν20)
2ν10 tan piν20. (21)
If we focus on the NN-directions, i.e., p′ = p−2 ≥ 3, the dimensionless rate (2piα′)(p′+1)/2WII
differs from the first equality given in Eq.(87) in [2] only in the enhancement factor
and the ratio of the two is e
pi(1−4ν20)
2ν10 > 1 for 0 < ν20 < 1/4 and is less than unity for
1/4 < ν20 < 1/2. For ν20 ≪ ν10, i.e., vanishing magnetic flux, the rate looks identical to
the one given in Eq.(19) above in Class I but with now p ≥ 5 and CF set to unity, with
again the Dp′ as an effective magnetic flux mentioned earlier.
For the case in Class III,
WIII = 4npnp−2 tanh piν10
ν10
∞∑
k=1
(−)k+1
( ν10
8kpi2α′
)p−1
2
e
− kY
2
2piν10α
′
[
cosh kpiν20
ν10
− (−)k
]2
sinh kpiν20
ν10
×
∞∏
n=1
[
1− 2(−)ke− 2nkpiν10 cosh kpiν20
ν10
+ e
− 4nkpi
ν10
]4
[
1− e− 2nkpiν10
]6 [
1− e− 2kpiν10 (n−ν20)
] [
1− e− 2kpiν10 (n+ν20)
] , (22)
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which again shares many common features mentioned above in Class II as the one given
in [2]. For small ν10, the rate can be approximated by the leading k = 1 term as
(2piα′)(p
′+1)/2WIII = 2pinpnp−2
(ν10
4pi
)(p−1)/2
e−Y
2/2piν10α′epiν20/ν10 , (23)
with p = p′ + 2 ≥ 3. This dimensionless rate is largest for p = 3 (or p′ = 1) with an
enhancement factor 2piepiν20/ν10 vs epiν20/ν10 tanpiν20 given in [2]. Apart from a difference
of a factor of tan piν20, the nature and range of ν20 here are completely different
9. In
the present case, 0 < ν20 < 1 with ν20 = 1/2 corresponding to vanishing magnetic flux,
ν20 → 0 when the magnetic flux f2 → −∞ and ν20 → 1 when f2 → ∞. So once again
even without the presence of a magnetic flux, i.e., ν20 = 1/2, we still have an exponential
enhancement of the rate and the rate in each Class looks identical in the absence of a
magnetic flux. The various implications of the rate in class II or III can be similarly
discussed as in Class I above and will not be repeated, except for one point to which we
turn next. The largest rate in Class II occurs for p′ = 3 and p = 5. So if there is indeed
an observational consequence, this may indicate the existence of large extra dimensions
since p = 5 other than the usual p = 3 in this case.
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